Various Mandelstam-Tamm bounds resulting in quantum and classical speed limits derived recently (Phys, Rev. Lett. 120 (2018), 070401, 070402) are discussed from unified point of view.
I Introduction
There exist two seminal results concerning the bounds on the speed of evolution of quantum states and related ability to distinguish quantum states connected via time evolution. The first one, due to Madelstam and Tamm, is expressed in terms of energy dispersion of initial state [1] . Quite unexpectably, Margolus and Levitin [2] established an independent bound based on the expectation value of excitation energy. Unifying both results one obtains the following constraint on orthogonalization time [3] 
These results were further analyzed, extended and applied in various contexts in numerous papers [4] ÷ [26] .
Due to the appearance of Planck's constant on the right hand side of (1) one could argue that the bound on the speed of evolution is purely quantum phenomenon. However, recently there appeared the papers [27] , [28] showing that such a conclusion is premature. Okuyama and Ohzeki [28] considered purely classical dynamics described by Liouville equation. It may be formulated as unitary evolution in the Hilbert space of square integrable functions on classical phase space. From this point of view one can derive the bound on classical evolution speed by applying quantum mechanical techniques. This results in (a family of) bound on the speed of classical evolution which can be viewed as classical counterpart of MandelstamTamm bound. The authors derived also another bound which they considered to be the counterpart of Levitin-Margolus [2] inequality. However, it is always weaker than the previous one. In fact, although it is derived using similar technique to that presented in [2] it has a different structure due to the absence of the "ground state"
in Liouvillian case.
Shanahan et. al. [27] derived a quantum speed bound in terms of Wigner function and studied its limit as → 0. Their bound is weaker than the standard
Mandelstam-Tamm one. Moreover, in order to study the classical limit they rely on rather unorthodox interpretation of Wigner's function [29] , [30] .
In the present note we show that various Mandelstam-Tamm inequalities can be considered from unified point of view. In particular, we derive the quantum bound which is weaker than the standard Mandelstam-Tamm one but stronger that the one derived in [27] . In the classical limit it yields the bound described in Ref. [28] .
Even more, we show that there exists a family of quantum bounds reducing to the family found by Okuyama and Ohzeki. We also point out some subtleties of the quantum-to-classical transition.
II Mandelstam-Tamm inequalities
Let us remind the derivation of general Mandelstam-Tamm inequality (cf., for example, [5] ). Consider a family of positive, trace one operators ρ(t) acting in a Hilbert space H and obeying the dynamical equation
withX being a selfadjoint operator. We are interested in the behaviour of the quantity F (t) defined by
where
we can set
Eqs. (2) and (3) result in the following equation of motioṅ
The uncertainty principle yields
where (∆X)
Eqs. (6)÷(8) yield
or, integrating from 0 to t
and, finally,
Eq. (11) is the original Mandelstam-Tamm inequality. In particular, for ρ(t) = |Ψ(t) Ψ(t)| (pure states) one finds ϕ = 0 and
Note that eq. (11) is valid also for unnormalized density operators provided
Alternatively, one can derive different inequality [27] by rewriting the right hand side of eq. (6) as follows
and applying Schwarz inequality |Tr (
Integrating over time from 0 to t one obtains
which is the form of Mandelstam-Tamm inequality proposed in [27] . In particular,
for pure states one finds [27] 
and eq. (15) takes the form
Finally, we can adopt yet another approach. Consider the Hilbert space H HS of Hilbert-Schmidt operators acting in H, equipped with the scalar product
The generatorX is represented by the selfadjoint (with respect to the above defined scalar product) operatorX defined bŷ
Now, ifX A n = λ n A n then λ n ∈ R andX A + n = −λ n A + n so the spectrum ofX is symmetric with respect to 0. Consider the pure state in H HS defined by the normalized vector ρ(t) cos ϕ ∈ H HS . The hermicity of ρ(t) implies the following eigenfunction expansion in eigenbasis ofX :
as a result the expectation value X 0 vanishes (cf. [28] ). Eq. (12) adapted to the new context yields
In particular, if ρ(t) itself represents a pure state in H one finds ϕ = 0 and Figure 1 : Graphs of the functions cos 2 y, cos √ 2y and 1 − √ 2y. 
Therefore, by comparying eqs. (12), (17) and (21) ) among the three bounds considered above.
III Quantum vs. classical bounds and Wigner function
Our general formulae, adapted to the quantum case,X = 1 Ĥ , yield
(F (t) ≥ cos 2 (∆E) 0 t for pure case);
(F (t) ≥ 1 − 1 √ 2 (∆E) 0 t for pure case);
(F (t) ≥ cos √ 2(∆E) 0 t for pure case).
Obviously, all these inequalities can be expressed in terms of Wigner function,
i.e. they provide the Mandelstam-Tamm like bounds for the Wigner function in phase space quantum mechanics. Indeed, all quantum mechanical relations can be in principle represented in terms of operator symbols resulting from (say) Weyl ordering. In particular, the Weyl symbol of density operator reads
which implies
Moreover, in the Weyl correspondence rules the commutator of two operators, Â ,B , is represented by i times the Moyal bracket of their symbols defined as
with " * " being the Moyal product. The inequalities (25) and (26) yield now,
with cos 2 ϕ = 2π dxdpW 2 (0). For pure states ϕ = 0, the bound (30) 
Therefore, (∆E) 0 entering eq. (24) 
where the LiouvillianL is defined by
Again, it appears thatL has symmetric spectrum with f −λ =f λ ; therefore, ρ,Lρ = 0 for real vectors ρ (x, p) [28] .
Assuming that ρ(x, p, 0) is square integrable one can use eq. (12) with |Ψ(t) indentifed with
thus arriving at the inequality
which is equivalent to eq. (19) from Ref. [28] (for α = 1).
Eq. (35) may be generalized. For any differentiable function G(y), G (ρ(x, p, t))
obeys (33) . If G is such that G(ρ(x, p, t)) is real, positive and square integrable (and belongs to the domain ofL 2 ) one can repeat the above reasoning arriving at the whole variety of bounds; in Ref. [28] the choice G(y) = y α has been made.
Eq. (35) can be rewritten as follows:
For reasonable class of observables (for example, Weyl ordered polynomials in x andp) the right hand side of eq. (32) is expected to have finite → 0 limit.
Therefore, one should identify lim
→0
W (x, p, t) with classical probability distribution ρ(x, p, t) on the phase space. However, the integral
behaves as O( −1 ) (for one degree of freedom), at least for pure states. One may expect that eqs. (30) and (31) have well-defined limits as → 0.
It is also reasonable to expect that the limiting form of eq. (31) 
IV Conclusion
We have considered various forms of Mandelstam-Tamm bounds, including the original one as well as those discussed recently. In particular, the quantum counterparts of the classical bounds described in Ref. [28] were derived. The inequality obtained in Ref.
[1] appears to be stronger than the remaining two; the latter have a nice property of being expressible in a simple way in terms of Wigner function. All bounds considered here have their formal classical counterparts. However, the problem of the quantum-to-classical transition is quite subtle. The semiclassical mechanics in phase space was analyzed in beautiful papers of Berry [33] and Berry and Balazs [34] . The limiting form of Wigner function depends on whether the dynamical system is integrable or not (in the previous sections for simplicity we considered the systems with one degree of freedom which are integrable). The nonintegrable classical systems are characterized by a very complicated structure of resonant tori and irregular trajectories which repeats itself down to infinitely fine scales [33] . Therefore, whatever the value of is, the elementary quantum volume f still involves the complicated structure of classical trajectories. This makes the description of semiclassical Wigner function extremely difficult.
On the other hand, the derivation of Mandelstam-Tamm like bounds does not refer to the (non)integrability of classical system. This suggest that one should be able to find precise relation between quantum and classical bounds without referring to the problem of (non)integrability. One possibility is to rely on the formalism developed by Yaffe [35] which uses the coherent states based on Heisenberg group.
The (diagonal) matrix elements of operators are then given by Husimi representation of Weyl symbols which implies smoothing over the volume of phase space of order f [32] .
